We present a feasible scheme to produce a polarization-entangled photon states
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The generation of entangled quantum states plays a prominent role in quantum optics. An experimental realization in this context can be achieved with trapped ions [1] , Cavity QED [2] or Bose-Einstein condenses [3] . Currently, experiments with polarization entangled two photons has opened a whole field of research. Such polarization entanglement has been used to test the Bell-inequality [4] and to implement quantum information protocols like quantum teleportation [5] , quantum dense coding [6] and quantum cryptography [7] . More recently, the experimental generation of GHZ-states of three or four photons were reported [8] . In practice, these polarization entangled photon states have only been produced randomly, since there is no way of demonstrating that polarization entanglement was generated without measuring and destroying the outgoing state [9] . Some quantum protocols like error correction have been designed for maximally entangled quantum states without random entanglement [10] . Thus, a photon source is needed, which produces a maximally polarization entanglement of outgoing photons. Remarkably, efficient quantum computation with linear optics has been put forward [11] . Such scheme can be used directly to generate a polarization entanglement quantum state. It is suggested to arrange an array of beam splitters in order to implement a basic non-deterministic gate [11] . More recently, a feasible linear optical scheme [12] was proposed to produce polarization entanglement with the help of single-photon quantum non-demolition measurement based on atom-cavity system [13] . On the other hand, entangled N-photon states of the form
are of potential interest in respect to phase sensitivity in two mode interferometer. They should allow a measurement at the Heisenberg uncertainty limit [14] . Recently it is also shown that such states allow sub-diffraction limited lithography [15] . In the case of N = 2 the entangled N-photon state (1) can be generated easily by using linear optical elements. For higher values of N, a scheme was proposed by using nonlinear media [16] . It was supposed that the generation of such quantum states can become possible by a linear optical scheme. In this paper, we present the realizable scheme to generate the two-photon polarization entanglement with a single linear optical element and a single-photon source. We also show that the same idea can be used to generate the entangled N-photon state (1).
At first we consider protocols to produce two-photon polarization entanglement. Figure 1 shows the required experimental set up. Two photons were emitted by two independent single-photon sources. The initial state of the two-photon system is |χ 1 > |χ 2 >, with |χ i >= |H > i ; i ∈ {1; 2}. The abbreviation H(V ) denotes the horizontal(vertical) linear polarization. We consider two polarized photons passing the symmetric beam splitter BS
The two output modes of BS pass through two polarization rotators with rotation angle calibrated to cos
. If the action of the polarization rotator on the output modes corresponds to a transformation of angle
The two output modes pass two polarization beam splitters: P BS 1 and P BS 2 . Since the H(V ) polarization photon is transmitted(reflected) by the PBS, the state evolves into
The spatially separated polarized photon modes 4 and 6 are the input of the symmetric beam splitters BS 1 and BS 2 . The second input ports of the beam splitters are assumed to be single-photon states produced by single-photon sources. After passing the symmetric beam splitters BS 1 and BS 2 , the quantum state of the auxiliary mode is measured. The outcome of this BS-transformation is accepted only if the measurement of the auxiliary mode gives the same number of photons like the ancilla state was initially prepared: 1 photon. Thus, the quantum state (4) is transformed to the quantum state
After P BS 3 , P BS 4 , we obtain the
The two output modes 7 and 8 pass through two polarization rotators with an angle of rotation:
. The quantum state becomes
Finally, mode 7 ′ and mode 8 ′ are incident on a polarization beam splitter. The twophoton polarization entangled quantum state
(|H > |V > −|V > |H >) is obtained. It was shown, that two-photon polarization entangled quantum states can be generated with the probability of success 1/16 by using a non-deterministic gate [11] . Our method will in principle provide a slightly smaller probability of success: 1/18. But compared to the scheme presented in [11] , which is used to generate entangled twophoton polarization entangled state, the experimental set up is simple. Instead of four detectors our scheme needs only 2 photon detectors.
It can be also shown, that this concept can be used to generate the maximally entangled N-photon state (1). For simplify, we consider the entangled 2N-photon state
The same scheme can be used to generate the entangled 2N + 1-photon state Figure 2 shows the experimental set up schematically. N photons in mode 1 and N photons in mode 2 are the input of the symmetric beam splitter (BS). The output of the BS is in the form:
In order to generate maximally entangled 2N-photon states M beam splitters are needed: BS i,2j ; i = 1, 2; j = 1 · · · M. If N is even, the value of M is the half of N, otherwise: M = (N + 1)/2. The second input port of each of these beam splitters is assumed to be a single-photon state produced by a single-photon source. The transformation of BS i,m is given by
After the BS 1,2 -transformation and the BS 2,2 -transformation is applied, the two auxiliary modes are measured. The outcome will only be accepted, if the two auxiliary modes are found to be in a single-photon state. This output state is the input of the BS 1,4 -transformation and the BS 2,4 -transformation. Once again, the two auxiliary modes are measured and the outcome will only be accepted in the case of single-photon states. If the above procedure is repeated for the M-th time, we can obtain the maximally entangled 2N-photon state (1) . In order to demonstrate, how entangled 2N + 1-photon states can be generated, we require that the input of the symmetric beam splitter is in a quantum state with 2N +1 photons in mode 1 and 0 photons in mode 2. The spatially separated output photons of the beam splitter are incident on M beam splitters BS i,j ; i ∈ {1; 2}; j ∈ {1; · · · ; M}.
Here M = N. The transformation of BS i,m is given by Eq. (9) . If all auxiliary modes are found by detection to be in a single-photon state, the maximally entangled 2N + 1-photon state (1) is generated.
In summary, we have suggested a feasible scheme to prepare polarization entangled quantum states by using linear optical devices. These quantum states can act as a kind of valuable source for quantum computation and quantum communication. Compared to the scheme presented in [11] , which is used to generate entangled two-photon polarization entangled state, this new scheme shows an advantage, because the number of required detectors is reduced to the half. We have shown also, that the same concept can be used to produce the entangled N-photon states. In addition, our method can be generalized easily in order to generate four-mode entangled photon states in the form of:
. These quantum states were employed to create two dimensional patterns on a suitable substrate in quantum optical lithography [15] . Recently, a scheme is proposed to generate the entangled four-photon quantum state
(|0, 4 > +|4, 0 >) with four beam splitters [17] . The probability of success is rated to be 3/64. Our scheme requires only three beam splitters to generate this entangled four-photon quantum state. With this new method the probability of success will be raised nearly to the doubled value: (
3 . One of the main difficulties of this scheme in respect to an experimental demonstration is the availability of photon-number sources. Another difficulty consists in the requirement on the sensitivity of the detectors. These detectors should be capable of distinguishing between no photon, one photon or more photons. 
